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In this study, using the energy momentum definitions of Einstein, Møller,
Bergmann-Thomson, Landau-Lifshitz and Papapetrou we compute the to-
tal energy-momentum distribution (due to matter and fields including grav-
itation) of the universe based on general Bianchi type I-III-V-V I0 space-
time and its transforms type I, III, V, V I0 metrics, respectively. The
energy-momentum densities are found exactly same for Einstein and Bergmann-
Thomson definitions. The total energy and momentum is found to be zero
for Bianchi types I and V I0 space-times. These results are same as a pre-
vious works of Radinschi, Banerjee-Sen, Xulu and Aydog˙du-Saltı. Another
point is that our study agree with previous works of Cooperstock-Israelit,
Rosen, Johri et al..
Keywords :Energy-momentum distribution; Bianchi Universes, Bergmann-
Thomson, Einstein prescription.
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1. Introduction
One of the most interesting problems which remains unsolved since Ein-
stein proposal of general theory of relativity, is the energy-momentum local-
ization. After Einstein [1] obtained an expression for the energy-momentum
complexes many physicists, such as Landau and Lifshitz [2], Tolman [3], Pa-
papetrou [4],Weinberg [5], Qadir-Sharif [6] and Bergmann-Thomson [7] had
† Tel:+902862180018/1816; Fax:+902862180533
(1)
2given different definitions for the energy-momentum complex. These def-
initions were restricted to evaluate energy distribution in quasi-cartesian
coordinates. This motivated by Møller [8] and many other, like Penrose
[9], to construct coordinate independent definitions. Møller proposed an
expression which could be utilized to any coordinate systems. Because
of this, the notion of energy-momentum prescriptions was severely criti-
cized for a number reasons. Firstly, the nature of symmetric and locally
conserved object is non-tensorial one; thus its physical interpretation ap-
peared obscure [10]. Secondly, different energy-momentum complexes could
yield different energy-momentum distributions for the same gravitational
background [11]. Finally, energy-momentum complexes were local objects
while it was generally believed that the suitable energy-momentum of the
gravitational field was only total, i.e. it cannot be localized [12]. There
have been several attempts to calculate energy-momentum prescriptions
associated with different space times [13], [14]. Virbhadra [15], by using
the energy and momentum definitions of Einstein, Landau-Lifshitz, Papa-
petrou and Weinberg for a general non-static spherically symmetric metric
of Kerr-Schild class showed that all of these energy-momentum formula-
tions give the same energy distribution as in Penrose energy-momentum
definition. Vargas [16], by using teleparallel gravity analogs of Einstein and
Landau-Lifshitz energy-momentum definitions found that energy is zero in
Friedmann-Robertson-Walker space-times. This result agrees with the pre-
vious works of Cooperstock-Israelit [17], Rosen [18]. Vagenas[19] has in-
vestigated energy-momentum distributions of BTZ black hole space-time,
(2+1)-dimensional black holes and 2D stringy black hole backgrounds in
general relativity. Aydog˙du-Saltı [20] and Saltı[21] have investigated in
detail energy-momentum problem in the theory of general relativity and
tele-parallel gravity by using different space times and different energy-
momentum definitions Banerjee and Sen [22], using the Einstein energy-
momentum complex, found that the total energy density of Bianchi type-I
universes is zero everywhere. Using the definitions of Landau and Lifshitz,
Papapetrou and Weinberg, Xulu [23] calculated the energy of the universe
in the case of Bianchi type-I model and found it to be zero. This result
agrees with the studies Johri et al.. The line element of the Bianchi type-I
space-time reduces to the spatially flat FRW line element in a special case.
The basic purpose of this paper is to obtain the total energy and mo-
mentum for general Bianchi type I-III-V-V I0 metric and its transforma-
tion by using the energy-momentum expression of Einstein, Bergmann-
Thomson, Møller, Landau-Lifshitz and Papapetrou in general relativity.
We will proceed according to the following scheme. In section 2, we give
short brief of energy and momentum pseudo-tensors. In section 3 gives us
the energy-momentum definitions of Bergmann-Thomson, Einstein, Møller
3and Landau-Lifshitz and Papapetrou’s in general relativity, respectively. In
section 4, we give the Bianchi type I-III-V-V I0 space time and find some
kinematical quantities associated with these metric. In section 5, we calcu-
late the total energy-momentum densities for Bianchi type I-III-V-V I0 and
Bianchi type I, III, V, V I0 space times, respectively. Finally, we summarize
and discuss our results. Throughout this paper, the Latin indices (i,j,...)
represent the vector number and the Greek (µ, ν...) represent the vector
components; all indices run 0 to 3. We use units where G ≡ c ≡ 1.
2. Energy-Momentum Pseudo-Tensors in General Relativity
The conservation laws of energy and momentum for an isolated systems
are expressed by set of differential equations. Defining Tαβ as the symmetric
energy and momentum tensor (due to matter plus fields) the conservation






ρ = T 00 , j
i = T i0, pi = −T 0i (2)
are the energy density, the energy current density, the momentum density,
respectively and Greek indices run over from the space-time labels while
Latin indices take the values over the spatial coordinates.
Crossing from special to general relativity one assumes a simplicity prin-
ciple which is called principle of minimal gravitational coupling. As a result






√−gTαβ )− ΓξβνT νξ = 0 (3)
where g is the determinant of the metric tensor gµν(x). The conservation




√−gTαβ ) = ΓξβνT νξ (4)




ξ is a non-tensorial object. Defining β = t means that
the matter energy is not a conserved quantity for the physical system. (it
is possible to restore the conservation law by introducing a local inertial
system for which at a specific space-time point ζβ = 0 but this equality by
no means holds in general) From a physical point of view, this absence of
energy conservation can be understood as the possibility of transforming
matter energy into gravitational energy and vice versa. So, this remains a
4problem and it is widely believed that in order to solve one has to take into
account the gravitational energy.
By a well-known procedure, the non-tensorial object ζβ = 0 can be
written as




where ϑαβ are certain functions of the metric tensor and its first order deriva-
tives. Therefore, the energy-momentum tensor of matter Tαβ is replaced by
Ωαβ =
√−g(Tαβ + ϑαβ) (6)
which is called energy-momentum complex, since it is a combination of the
tensor Tαβ and pseudo-tensor ϑ
α
β which describes the energy and momen-
tum of the gravitational field. The energy-momentum complex satisfies a
conservation law in the ordinary sense, i.e.
Ωαβ,α = 0 (7)




where Ξαλβ are called super potentials and are the functions of the metric
tensor and its first derivatives.
It is obvious that the energy and/or momentum complexes are not
uniquely determined by the condition in which usual divergences is zero
since it can be always add a quantity with an identically vanishing diver-
gence to the energy-momentum complex.
3. Energy-Momentum in General Relativity
In this section, we introduce Bergmann-Thomson, Einstein, Møller, Landau-
Lifshitz and Papapetrou energy-momentum definitions, respectively.
3.1. Bergmann-Thomson’s Energy-momentum Formulation






Πµνα = gµβV ναβ (10)
5with
V ναβ = −V ανβ =
gβξ√−g [−g(g
νξgαρ − gαξgνρ)],ρ (11)
Ξ00 is the energy density, Ξ
0
µ are the momentum density components, and Ξ
µ
0
are the components of the energy current density. The Bergmann-Thomson















κα stands for the 3-components of unit vector over an infinitesimal sur-
face element dS. The quantities P i for i=1,2,3 are the momentum compo-
nents, while P 0 is the energy.
3.2. Einstein’s Energy-momentum Formulation








νβgαξ − gαβgνξ)],ξ (16)
Θ00 is the energy density, Θ
0
α are the momentum density components, and
Θα0 are the components of energy current density. The Einstein energy and














ηα stands for the 3-components of unit vector over an infinitesimal sur-
face element dS. The quantities P i for i=1,2,3 are the momentum compo-
nents, while P 0 is the energy.
3.3. Møller’s Energy-momentum Formulation









where the antisymmetric super-potential χναµ is
χναµ =
√−g[gµβ,γ − gµγ,β ]gνγgαβ (22)
The locally conserved energy-momentum complex Mνµ contains contri-
butions from the matter, non-gravitational fields. M00 is the energy density
and M0α are the momentum density components. The momentum four-










where µα is the outward unit normal vector over the infinitesimal surface
element dS. Pi give momentum components P1, P2, P3 and P0 gives the
energy.
3.4. Landau-Lifshitz’s Energy-momentum Formulation








Sµναβ = −g(gµαgνβ − gµβgνα) (26)
Ω00 is the energy density, Ω
0
µ are the momentum density components, and
Ωµ0 are the components of energy current density. The Landau-Lifshitz















where ηα stands for the 3-components of unit vector over an infinitesimal
surface element dS. The quantities P i for i=1,2,3 are the momentum com-
ponents, while P 0 is the energy.
3.5. Papapetrou’s Energy-momentum Formulation









√−g(gµνηαβ − gµαηνβ + gαβηµν − gνβηµα) (31)
Σ00 is the energy density, Σ
0
µ are the momentum density components, and
Σµ0 are the components of energy current density. The Papapetrou energy-









8here Pµ give momentum components P 1, P 2, P 3 and P 0 gives the energy
distribution.
4. The General Bianchi Type I-III-V-V I0 Space Time
The Bianchi cosmologies play an important role in theoretical cosmology
and have been much studied since the 1960s. A Bianchi cosmology repre-
sents a spatially homogeneous universe, since by definition the space-time
admits a three-parameter group of isometries whose orbits are spacelike
hyper-surfaces. These model can be used to analyze aspects of the physical
Universe which pertain to or which may be affected by anisotropy in the
rate of expansion, for example, the cosmic microwave background radiation,
nucleosynthesis in the early universe, and the question of the isotropization
of the universe itself [25]. Spatially homogeneous cosmologies also play an
important role in attempts to understand the structure and properties of the
space of all cosmological solutions of Einstein field equations. Also, the FRW
models have played a significant role in cosmology. Whether or not these
models correctly represent the universe known, but it is believed that they
provide good global approximations of the present universe. These models
are characterized by spatial homogeneity and isotropy. In recent decades,
theoretical interest in anisotropic cosmological model has increased. In mod-
ern cosmology, the spatially homogeneous and anisotropic Bianchi models,
which are in some sense between FRW models and completely inhomoge-
neous and anisotropic universes, play an important role.
Here we consider the general Bianchi type I-III-V-V I0 space-time is de-
fined by the line element
ds2 = −dt2 +A2dx2 +B2e2αxdy2 + C2e2βxdz2. (34)
where the metric potentials A,B,C are functions of cosmic time t only and
α, β are constants.
The metric given by Eq. (34) reduces to some well-known space-times
in special cases.
1.) When α = β = 0, the line element describes the well-known Bianchi-
I type metric.
2.)When α = −1 and β = 0, the line element describes the well-known
Bianchi-III type metric.
3.) When α = β = −1, the line element describes the well-known
Bianchi-V type metric.
94.) When α = −β = −1, the line element describes the well-known
Bianchi-V I0 type metric.
The models are solutions of Einstein equations for the metric (Eq.34),
(Gµν ≡ 8piTµν):
G11 ≡ B˙C˙A
2 − CBβα+ B¨CA2 + C¨BA2
CB
(35)












2 − CAA˙B˙ +BCβ2 −BAA˙C˙ + αβCB − B˙C˙A2
A2CB
(39)
Here the dot ” · ” denotes an ordinary differentiation with respect to t.
The kinematical quantities in Bianchi type I-III-V-V I0 space-time is
given as follows;











The shear scalar (σ2), and the rotation (Ω2) of the four velocity vector

















Ω2 = 0 (42)








where g is the determinant of the metric. Thus, we see that the model given
Eq. (34) has expansion, non vanishing shear and vanishing rotation.
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5. The Total Energy and Momentum of Bianchi Type
I-III-V-V I0 Universes
This section gives us the total energy and momentum of the universe
based on general Bianchi type I-III-V-V I0 metric and its transforms in the-
ory of relativity, respectively.
5.1. Solutions in General Bianchi Type I-III-V-V I0 Space Time
5.1.1. Solutions in Bergmann-Thomson’s Energy Momentum Complex
Considering the line element (34) for Eqs. (10) and (11), required compo-
nents of Πµνα are



















3 = 0 (48)
5.1.2. Solution in Einstein’s Energy Momentum Complex




, H011 = −2Aex(α+β)(CB˙ +BC˙). (49)
Substituting these results into Eq. (15), we get following energy and mo-











3 = 0 (52)
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5.1.3. Solution in Møller’s Energy Momentum Complex
The required non-vanishing component of χναµ are
χ011 = −2BCA˙ex(α+β) (53)
and if we take these results into Eq. (20), we obtain following energy and
momentum densities









3 = 0 (56)
Energy distribution is not observing in general Bianchi type I-III-V-V I0
space time for Møller definition.
5.1.4. Solution in Landau-Lifshitz’s Energy Momentum Complex
The energy of non-vanishing components of Sµναβ are




















3 = 0 (60)
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5.1.5. Solution in Papapetrou’s Energy Momentum Complex
The energy of non-vanishing components of Nµναβ are
N1010 = −B2e2x(α+β)C2(A2 + 1), (61)
N0011 = B2C2(A2 + 1)e2x(α+β)
N0022 = A2C2e2x(α+β)(B2 + e−2αx),
N0033 = A2B2e2x(α+β)(C2 + e−2βx).














3 = 0 (64)
These results of energy and momentum distribution in general Bianchi I-
III-V-V I0 space-time have been summarized in Table.1.
Table.1 Energy and momentum densities for general Bianchi type I-III-V-
V I0 space-time.















Møller M00 = 0 M
0













Papapetrou Σ00 = −14 B
2C2e2x(α+β)(A2+1)(α+β)2
pi
Σ01 6= 0, Σ02 = Σ03 = 0
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5.2. Solutions in Bianchi Type-I Space Time
In this section give us total energy momentum of the universe based on
Bianchi type-I metric. When α = β = 0 in the metric Eq.( 34), we obtain
Bianchi type I universe defined by the line element;
ds2 = −dt2 +A2dx2 +B2dy2 + C2dz2. (65)
The metric given by Eq. (65) reduces to some well-known space times
in special cases.
A.) For A=B=C=R(t) and transforming the line element (65) to t,x,y,z
coordinates according to
x = r sin(θ) cos(φ) (66)
y = r sin(θ) sin(φ)
z = r cos(θ)
gives
ds2 = −dt2 +R(t)2[dr2 + r2(dθ2 + sin(θ)2dφ2)]. (67)
which describes well-known spatially flat Friedmann-Robertson-Walker
(FRW) space-time.
B.) For A = el(t), B = em(t) and C = en(t), then the line element de-
scribes the well-known Bianchi-I type metric.
C.) For A = ta, B = tb and C = tc, (where a,b,c are constants ), then
we obtain the well-known Kasner-type model.
5.2.1. Solutions in Bergmann-Thomson’s Energy Momentum Complex
Considering the line element (65) for Eqs. (10) and (11), required compo-
nents of Πµνα are vanish. Thus, from Eq. (9) we have





3 = 0 (69)
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5.2.2. Solution in Einstein’s Energy Momentum Complex
The required components of Hναµ are
H011 = −2A(CB˙ +BC˙), (70)
H022 = −2B(CA˙+AC˙),
H033 = −2C(AB˙ +BA˙)
Substituting these results into Eq. (15), we get following energy and mo-
mentum densities in the form





3 = 0 (72)
5.2.3. Solution in Møller’s Energy Momentum Complex
The required non-vanishing component of χναµ are
χ011 = −2BCA˙, χ022 = −2ACB˙, χ033 = −2ABC˙ (73)
and if we take these results into Eq. (20), we obtain following energy and
momentum densities





3 = 0 (75)
5.2.4. Solution in Landau-Lifshitz’s Energy Momentum Complex
The energy of non-vanishing components of Sµναβ are
S1010 = −B2C2, S0202 = −A2C2, S0303 = −A2B2 (76)
and if we take these results into Eq. (25), we obtain following energy and
momentum densities





3 = 0 (78)
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5.2.5. Solution in Papapetrou’s Energy Momentum Complex
The energy of non-vanishing components of Nµναβ are
N1010 = −B2C2(A2 + 1), N2020 = −A2C2(B2 + 1), (79)
N3030 = −A2B2(C2 + 1), N0011 = B2C2(A2 + 1)
N0022 = A2C2(B2 + 1), N0033 = A2B2(C2 + 1).
and if we take these results into Eq. (30), we obtain following energy and
momentum densities





3 = 0 (81)
5.3. Solutions in Bianchi Type-III Space Time
In this section give us total energy momentum of the universe based
on Bianchi type-III metric. When α = −1 and β = 0 in general Bianchi
type I-III-V-V I0 space-time (Eq. 34), we obtain Bianchi type III metric is
defined by the line element;
ds2 = −dt2 +A2dx2 +B2e−2xdy2 + C2dz2. (82)
5.3.1. Solutions in Bergmann-Thomson’s Energy Momentum Complex
Considering the line element (82) for Eqs. (10) and (11), required compo-
nents of Πµνα are




















3 = 0 (86)
16
5.3.2. Solution in Einstein’s Energy Momentum Complex
The required components of Hναµ are




Substituting these results into Eq. (15), we get following energy and mo-













3 = 0 (90)
5.3.3. Solution in Møller’s Energy Momentum Complex
The required non-vanishing component of χναµ are
χ011 = −2BCA˙e−x (91)
and if we take these results into Eq. (20), we obtain following energy and
momentum densities









3 = 0 (94)
5.3.4. Solution in Landau-Lifshitz’s Energy Momentum Complex
The energy of non-vanishing components of Sµναβ are
S1010 = −B2C2e−2x, S0202 = −A2C2, S0303 = −A2B2e−2x (95)

















3 = 0 (98)
5.3.5. Solution in Papapetrou’s Energy Momentum Complex
The energy of non-vanishing components of Nµναβ are
N1010 = −B2C2e−(2x)(A2 + 1), N0011 = B2C2e−(2x)(A2 + 1) (99)
N0022 = A2C2e−(2x)(B2 + e(2x)), N0033 = A2B2e−(2x)(C2 + 1).
















3 = 0 (102)
5.4. Solutions in Bianchi Type-V Space Time
The study of Bianchi type-V cosmological models create more interest
as these models contain isotropic special cases and permit arbitrarily small
anisotropy levels at some instant of cosmic time. This property make then
suitable as model of our universe. Also Bianchi type-V models are more
complicated than the simplest Bianchi type models e.g. the Einstein ten-
sor has off-diagonal terms so that it is more natural to include tilt and
heat conduction. Space time model od Bianchi type I, V, IX universes are
the generalizations of FRW models and it will be interesting to construct
cosmological models of the types which are of class one.
In this section give us total energy momentum of the universe based on
Bianchi type-V metric. For α = β = −1 in general Bianchi type I-III-V-V I0
space-time (Eq. 34), we obtain Bianchi type V metric is defined by the line
element;
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ds2 = −dt2 +A2dx2 + e−2x[B2dy2 + C2dz2]. (103)
5.4.1. Solutions in Bergmann-Thomson’s Energy Momentum Complex
Considering the line element (103) for Eqs. (10) and (11), required compo-
nents of Πµνα are






















3 = 0 (107)
5.4.2. Solution in Einstein’s Energy Momentum Complex
The required components of Hναµ are




Substituting these results into Eq. (15), we get following energy and mo-















3 = 0 (111)
19
5.4.3. Solution in Møller’s Energy Momentum Complex
The required non-vanishing component of χναµ are
χ011 = −2BCA˙e−2x (112)
and if we take these results into Eq. (20), we obtain following energy and
momentum densities









3 = 0 (115)
5.4.4. Solution in Landau-Lifshitz’s Energy Momentum Complex
The energy of non-vanishing components of Sµναβ are
S1010 = −B2C2e−4x, S0202 = −A2C2e−2x, S0303 = −A2B2e−2x (116)












3 = 0 (119)
5.4.5. Solution in Papapetrou’s Energy Momentum Complex
The energy of non-vanishing components of Nµναβ are
N1010 = −B2C2e−(4x)(A2 + 1), (120)
N0011 = B2C2e−(4x)(A2 + 1)
N0022 = A2C2e−(4x)(B2 + e(2x)),
N0033 = A2B2e−(4x)(C2 + e(2x)).
20














3 = 0 (123)
5.5. Solutions in Bianchi Type-V I0 Space Time
In this section give us total energy momentum of the universe based on
Bianchi type-V I0 metric. When α = −β = −1 in general Bianchi type I-III-
V-V I0 space-time (Eq. 34), we obtain Bianchi type V I0 metric is defined
by the line element;
ds2 = −dt2 +A2dx2 +B2e−2xdy2 + C2e2xdz2. (124)
5.5.1. Solutions in Bergmann-Thomson’s Energy Momentum Complex
Considering the line element (124) for Eqs. (10) and (11), required compo-
nents of Πµνα are




Substituting these result into Eq. (9), we find that easily,





3 = 0 (127)
5.5.2. Solution in Einstein’s Energy Momentum Complex
The required components of Hναµ are
H011 = −2A(CB˙ +BC˙), (128)
H022 = −2B(A˙C + C˙A),
H033 = −2C(A˙B + B˙A)
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Substituting these results into Eq. (15), we get following energy and mo-
mentum densities in the form





3 = 0 (130)
5.5.3. Solution in Møller’s Energy Momentum Complex
The required non-vanishing component of χναµ are
χ011 = −2BCA˙, χ022 = −2ACB˙, χ033 = −2BAC˙ (131)
and if we take these results into Eq. (20), we obtain following energy and
momentum densities





3 = 0 (133)
5.5.4. Solution in Landau-Lifshitz’s Energy Momentum Complex
The energy of non-vanishing components of Sµναβ are
S1010 = −B2C2, S0202 = −A2C2e2x, S0303 = −A2B2e−2x (134)
and if we take these results into Eq. (25), we obtain following energy and
momentum densities





3 = 0 (136)
5.5.5. Solution in Papapetrou’s Energy Momentum Complex
The energy of non-vanishing components of Nµναβ are
N1010 = −B2C2(A2 + 1), (137)
N0011 = B2C2(A2 + 1)
N0022 = A2C2(B2 + e(2x)),
N0033 = A2B2(C2 + e(−2x)).
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and if we take these results into Eq. (30), we obtain following energy and
momentum densities, respectively.





3 = 0 (139)
6. Summary and Discussion
The subject of energy-momentum localization in the general theory of
relativity has been very exciting and interesting; however it has been asso-
ciated with some debate. Recently, some researchers have been interested
in studying the energy content of the universe in various models.
The object of present paper is to show that it is possible to solve the
problem of localization of energy and momentum in general relativity by
using the energy and momentum complexes. In this paper, we first give
short brief of energy and momentum pseudo-tensors and get some kine-
matics after these calculations to compute the energy distributions of the
general Bianchi type I-III-V-V I0 cosmological model and its transforms, we
have considered five different energy and momentum complexes in general
relativity: e.g. Bergmann-Thomson, Einstein, Møller, Landau-Lifshitz and
Papapetrou. We found that; (1) the homogeneous and anisotropic cosmo-
logical models describes the space time which has expansion with shear and
vanishing four-acceleration and vorticity. (2) The Einstein and Bergmann-
Thomson energy-momentum distributions are exactly same in general and
other Bianchi type metrics. (3) The second and third momentum distribu-
tions (P 2 = P 3 = 0) are equal each other and zero in all deal with Bianchi
types metrics. (4) Møller energy distribution is vanish for investigated all
Bianchi type metrics. Moreover when A = constant, Møller momentum
density became zero (M01 = 0). (5)All energy and momentum descriptions
are identically same and zero in Bianchi type I and V I0 metrics, because the
energy contributions from the matter and gravitational field inside an arbi-
trary two-surface in the case of the anisotropic model of the universe based
on Bianchi type V I0 metric, cancel each other. These results in Bianchi type
I and V I0 universes exactly agree with the previous work of Benerjee-Sen,
Xulu, Rosen for Bianchi type-I metric and agree with Radinschi [26],[27]
for Bianchi V I0 metric. (6) There is a relation between Papapetrou energy
density and Landau-Lifshitz energy density as Σ00 = −(A2 + 1)Ω00 for all
investigated Bianchi types here. These solutions can be seen in Table.1.
This is interesting results of our solutions in Bianchi type universes.
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